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В работе рассматривается графон с треугольной структурой – слой графена, функционали-

зированный водородом с одной стороны таким образом, что атомы водорода связаны толь-

ко с одной из двух графеновых подрешёток. Его магнитные свойства описываются эффек-

тивным гамильтонианом Гейзенберга; в исследуемой системе реализуется ферромагнитное 

упорядочение спинов неспаренных электронов свободных атомов углерода. Вычислена 

функция отклика на внешнее магнитное поле в приближении спиновых волн и пределе ну-

левой температуры. Изучен отклик графона на импульс высокочастотного магнитного поля 

заданной длительности, поле ориентировано в плоскости решётки. Ввиду неприменимости 

изотропного приближения для спиновых волн отклик намагниченности найден путём чис-

ленного интегрирования свёртки функции отклика и Фурье-образа поля. Найдено, что в си-

стеме возможны резонансы на частотах, соответствующих верхней границе диапазона раз-

решённых энергий спиновых волн либо седловой точке на поверхности энергий спиновых 

волн в пространстве импульсов. Оценки характерных частот показывают, что для изучения 

свойств материала и измерения обменной энергии необходимо использовать технику спек-

троскопии в терагерцевом или дальнем ИК-диапазоне. 
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We consider triangular graphone structure – a semi-hydrogenated layer of graphene with hydrogen 

atoms boned to one of its sub-lattices only. The response function of graphone to an external mag-

netic field is evaluated in general using the Heisenberg Hamiltonian model of the structure with ex-

change energy coefficient J0 of unknown value (negative due to ferromagnetic behaviour of trian-

gular graphone). The spin wave approach in the limit of near zero temperature is used for the 

description of the magnetisation. A specific case when the graphone is exposed to a magnetic pulse 

with a given carrier frequency is examined in greater depth. To obtain the magnetization response, 

integration over both the frequency space and momentum space is necessary. Due to inapplicability 

of the isotropic approximation for the given geometry of graphone, integration over momentum 

space is performed numerically. The calculations show that the resonance of the system occurs at 

frequencies which correspond to the upper limit of the spin wave energy band and the saddle points 

of the energy surface. Using these results, further experimental investigation based on THz or far-
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infrared spectroscopy can be performed, which can determine the as-yet-unknown exchange energy 

coefficient J0. The coefficient can in turn provide an estimate of a temperature range for which the 

spin wave approach utilised in our investigation is valid. 
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1. Introduction 

Over the last decades, graphene has gained increas-

ing attention due to its two-dimensional planar struc-

ture, band crossing at the Dirac points, two sub-lattice 

semi metallic conduction and hence its possible use in 

nanoelectronics [1–5]. Graphene however does not 

exhibit strong magnetic properties, but only weak anti-

ferromagnetic order [6, 7]. Several methods such as 

functionalization of graphene by chemisorptions of 

atomic hydrogen have been proposed to tune electron-

ic properties and induce magnetic behaviour [8–11]. 

For this purpose however, only partial hydrogenation 

proves useful as fully hydrogenated graphene (gra-

phane) does not have a strong magnetic response ei-

ther [12, 13]. 

In our investigation, we focus on triangular 

graphone structure (see Fig. 1, [14]). Triangular 

graphone is a semi-hydrogenated graphene sheet with 

all hydrogen atoms bonded only to carbons in one sub-

lattice of graphene (key characteristic of the trigonal 

structure) with all hydrogen atoms on one side [12]. 

When we refer to graphone, we mean the triangular 

form, unless stated otherwise. Semi-hydrogenation 

breaks the delocalized π-bonding present in graphene. 

As a consequence the p-electrons in the un-

hydrogenated carbon atoms are unpaired and local-

ised, allowing for isotropic exchange interactions. Ac-

cording to the works of Zhou et al, computer simula-

tions based on spin-polarized density functional theory 

suggest that these interactions result in ferromagnetic 

properties of graphone [12]. Moreover it also possess-

es an energy gap, making it an attractive material for 

use in nano-electronics [7, 12–15]. 

Possible uses of graphone largely depend on its 

thermal stability as uncontrollable changes to its struc-

ture by hydrogen hopping to neighbouring carbon at-

oms may significantly alter its conducting and magnet-

ic properties [14]. Several authors including Podlivaev 

and Openov report high instability of triangular 

graphone (with characteristic time of disordering of 

the structure shorter than 1 ns at liquid-nitrogen tem-

peratures) [13, 16], and its evolution via hydrogen 

hopping into more stable rectangular graphone (see 

Fig.2, [14]) which exhibits anti-ferromagnetic behav-

iour [14]. The study of Hemmatiyan et al. however 

suggests a method of stabilising triangular graphone 

using hexagonal boron-nitride (h-BN) [7]. Substrate 

creates dipole moments for each nitrogen site that 

break the equivalency of two carbon atoms in two dif-

ferent graphene sub-lattices, hence suppressing the hy-

drogen migration. 

 
(a) 

 
(b) 

 
(a) 

 
(b) 

Fig. 1. Geometric structure of triangular graphone. 

(a) Top view with carbon atoms shown grey and 

hydrogen atoms shown white, (b) side view shows 

C-C and C-H bond lengths and distances 

Fig. 2. Geometric structure of rectangular graphone. 

(a) Top view with carbon atoms shown grey and hy-

drogen atoms shown white, (b) side view shows C-H 

bond length and sub-lattice separation 



Магнитный отклик треугольного графона 

  

67 

2. System response function 

Throughout our analysis, we will be using Planck 

units and hence ħ normalizes to 1. The triangular 

graphone layer is assumed to be effectively a 2D sheet 

oriented in the x-y plane. We consider the limit of 0 K 

temperature. 

In the presence of localised spins S of the p-

electrons of un-hydrogenated carbons at lattice sites i 

and j (i ≠ j), the tight-binding free hopping Hamiltoni-

an of the structure 

† †

0

,

( ),i j ij

i j

t a a a a
 

     (2.1) 

which allows for electrons to hop (quantum tunnel) be-

tween sites i and j on the same graphene sub-lattice 

(different sub-lattice jump not possible due to C-H 

bonds) is effectively represented by the spin exchange 

Heisenberg Hamiltonian 

,

1 · ,ij

i

i

j

jJ
 

  S S  (2.2) 

In the equations above, †

ia  (
ia ) creates (annihilates) 

an electron on site i, and t’ is the next nearest-

neighbour hopping energy (value not well known, cal-

culations show value 0.1 eVt  ) [1, 17]. Because of 

the isotropy of the triangular graphone structure Jij is 

constant J0, which is negative due to ferromagnetic 

behaviour [4, 12]. 

Using spin raising and lowering operators 

x yiSSS    (2.3) 

and Holstein-Primakoff transformation [18] (assuming 

s is the total spin on the site) 
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†zS s     (2.4c) 

we write the Heisenberg Hamiltonian (2.2) 

† † † †

1 0 ( ).i j ij j ji iJ s s             (2.5) 

Here we have neglected terms of order β
4
 and higher. 

The operators βi
†
 and βi are spin deviation creation and 

annihilation operators, respectively. They satisfy the 

commutation relations: 

† ,,i j ij       (2.6a) 

† †, , 0.j i ji            (2.6b) 

Response of the material (change of magnetisation 

) to the field  given by 

( ) )( ,
2

( ) i tt e
d 

  






   MM
M H  (2.7) 

with the response function 
MM

 satisfying 

 ) ( ) ( ), ( ) ,(BA i t Bt t A      (2.8) 

where   indicates that one should average over a 

grand canonical ensemble and ( )t   denotes the 

Heaviside step function [19]. Furthermore, we arbi-

trarily set τ = 0. 

We consider the field H causing a time dependent 

Zeeman perturbation Hamiltonian 

0· ( ),i

i

F t   S H  (2.9) 

where i sums over all lattice points and dimensionless 

F(t) assumes all time dependency of field H(t) with 

amplitude H0. The symbol γ denotes the gyromagnetic 

ratio. 

For 
M M

    (superscripts referring to the direction 

of response and field, respectively) a shorter notation 

is used: 
. As the order β

4
 was neglected in (2.5), 

no infinite series of functions is encountered during 

analysis and so the response functions are exact [19]. 

Hence the response functions in the frequency-

momentum representation are 
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where A is the area of the structure, Z is the number of 

next nearest carbon neighbours in the structure and  

·1 ie
Z

   k

k





 (2.11) 

with δ as the lattice vector between next nearest-

neighbours. 

Due to linear behaviour of the response function in 

linear response theory, spin relations (2.3) can be used 

to express the response function (2.10) in x-y direc-

tion: 
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We consider a pulse with carrier frequency Ω last-

ing for duration of 2τ acting on the graphone system in 

the x-direction: 

 0( ) ( ) ( ) .x i tH et H t t        (2.13) 

In frequency space, this signal can be expressed as 

02 sin(( )
) .

)
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 (2.14) 

Hence the response of the system in x-direction to 

the signal (2.13) is given by (2.7) with the response 

function (2.12a) 
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where 

0 ( ),2 1J sZ  
k k

 (2.16) 

and ε → 0 is a small parameter shifting the poles of re-

sponse function away from the integration path which 

includes the x-axis. 

Integration over frequency domain can be per-

formed analytically using the residue theorem and Jor-

dan’s lemma. During the duration of the signal (t < τ), 

the response becomes 
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however when the signal is no longer active (for times 

t > τ), the response is given by 

2

0 2
( )

)

,

(2

sin( )

sin( )

x

i

i

t

t

d

e

M t M

e

i








 



 







  

 





 




 
 





k

k

k

k

k

k

k

k

 (2.17b) 

where 2

0 0 / 2M s H . 

3. Dispersion relation 

The un-hydrogenated carbon in triangular 

graphone has Z = 6 next nearest-neighbours which are 

in the vertices of the hexagon units (see Fig. 1). Direct 

evaluation of (2.11) gives 
k

 : 

0 0 0

1 2 3 3
cos 3 cos

3 3 2 2
cos ,y x yk

k a k a k a    (3.1) 

and (2.16) gives the energy: 
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where 
0 02J sZ  . These expressions are then substi-

tuted into (2.17). 

 
(a) 

 
(b) 

Fig. 3. Spin wave dispersion relation: a) – energy 

profile contour plot; b) – cross-sections from the 

Brillouin zone center to the maximum (dash-dotted 

line) and to the saddle point (dashed line) 
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The energy surface contour plot and its cross-

sections are shown in Fig. 3,a and 3,b, respectively; 

the hexagonal shape bounds the 1st Brillouin zone. 

The energy surface has three types of critical points. 

The first is a global minimum at the origin, where 

0
k

  . The energy is proportional to k
2
 around the 

centre, and the dispersion relation is almost isotropic 

here. Nevertheless, the integrals for magnetisation re-

sponse or internal energy of spin waves gas diverge 

making the isotropic approximation inapplicable. 

The Brillouin zone perimeter includes 6 maxima 

where 03 / 2
k

  and 6 saddle points with 

04 / 3
k

  . We will show below that these charac-

teristic points are responsible for the resonance behav-

iour of the spin waves in graphone. 

4. Numerical method 

 
Fig. 4. The 1st Brillouin zone (solid line) and rec-

tangular integration area (dashed line) 

The transversal magnetisation given by (2.16) is 

evaluated numerically. Integration with respect to 

wave-vector is provided within the 1st Brillouin zone 

(Fig. 4). The applied method uses a uniform Cartesian 

grid in the rectangle and checks whether current wave-

vector k  is within the hexagon: 

2
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,
1
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(2
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)
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i j
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    (4.1) 

where k  is the grid step in momentum space - equal 

for both x and y directions, , ,( , , )x i y j qk tf k  is the inte-

grand in (2.16), and tq is the discretised time. Calculat-

ed magnetisation is normalized to the maximum of its 

absolute value. 

The grid has 100 nodes along kx-axis. Test calcula-

tions with 50 and 200 nodes show that the integration 

is converged.  

Fourier spectrum of magnetisation signal is evalu-

ated from the previously calculated data. It is realized 

by approximation of continuous Fourier transform by 

numerical integration with respect to the time: 

) ,( ) ( q

q

i t

q

M M et t





     (4.2) 

where t is the time discretisation step. 

The algorithms are executed in FORTRAN-90 lan-

guage with OpenMP parallelization over independent 

variable t and ω, respectively. 

5. Magnetisation response 

The magnetisation response to a transversal pulse 

of a duration τ is evaluated for different Ω. The pulse 

excites oscillations of magnetisation, which decay af-

ter it ends. Characteristic decay time strongly depends 

on carrier frequency. There are three main signal types 

(based on carrier frequency) which can be considered. 

The first occurs when Ω < 4ω0/3 (we refer this as a 

“low-frequency” pulse). The dynamics of the positive  

envelope of Mx for Ω = ω0 is shown in Fig. 5,a, and its 

Fourier spectrum is visualised in Fig. 5,b. The magnet-

isation signal is normalized to its maximum value. 

This interval does not contain any characteristic fre-

quency of spin waves. Therefore the magnetisation de-

cays fast with characteristic time near 30ω0
–1

. The 

Fourier spectrum shows oscillations in the whole in-

terval of possible spin wave frequencies with sharp 

peak at 3ω0/2. These oscillations are induced by the 

edges of the pulse. 

The second type of dynamics occurs when 

Ω > 3ω0/2 (referred to as “high-frequency”). Here, the 

magnetisation oscillates weakly with frequency Ω dur-

ing the pulse, and large-amplitude signal is caused by 

the falling edge of the pulse (Fig. 6,a). After the pulse, 

the magnetisation oscillates with frequency close to 

the dispersion relation maximum 03 / 2
k

  , there-

fore two peaks occur in spectrum (Fig. 6,b). The char-

acteristic decay time is the same as in the previous 

case. 

The pulse with carrier frequency in the interval 

4ω0/3 < Ω < 3ω0/2 (“near resonance” pulse) may pro-

duce a resonance excitation of spin waves when Ω is 

close to the frequency corresponding to the critical 

points of dispersion relation (see Fig. 3). In this case, 

the transversal magnetisation decays slowly during the 

time 
1

0150)~ (100   (Fig. 7, a). At this frequency, 

the Fourier spectrum contains only one dominant peak 

(Fig. 7, b). 

Carrier frequency between the critical points 

(Ω = 7ω0/5) produces relatively weak response during 

the pulse and the beating with the period is close to 

30ω0
–1

 after the pulse; the beat pattern amplitude also 

decays over a long period of time. The spectrum of 

such signal also contains one bright peak. Its fine 

structure cannot be resolved in Fig. 7, b. 
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6. Conclusion 

The results demonstrate a possible way for experi-

mental measurement of the exchange energy J0 be-

tween un-hydrogenated carbons in graphone as it de-

termines the characteristic frequencies in the magneti-

sation spectra (see (2.16) and (3.2)). 

There are few known papers evaluating J0 using 

density functional theory [20, 21]. In these studies, the 

 
(a) 

 
(b) 

Fig. 5. Response of triangular graphone on low frequency pulse, Ω = ω0 a) – transversal magnetisation enve-

lope; b) – Fourier spectrum of the signal 

 
(a) 

 
(b) 

Fig. 6. Response of triangular graphone on high frequency pulse, Ω = 5ω0: a) – transversal magnetisation 

envelope; b) – Fourier spectrum of the signal 

 
(a) 

 
(b) 

Fig. 7. Response of triangular graphone on “near resonance” pulse: a) – transversal magnetisation envelope, 

Ω = 4ω0/3(solid lines), Ω = 7ω0/5 (dotted lines), Ω = 3ω0/2 (dashed lines); b) – Fourier spectrum of the sig-

nal, Ω = 4ω0/3 
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obtained exchange value varies from –1 meV [20] to –

33 meV when the spin-spin interaction is fully-

screened by Coulomb repulsion of the conduction 

electrons, and to –98 meV if there is no screening 

[21]. The first estimate corresponds to frequency 

around 1.5·10
12

 Hz; the two latter values give the fre-

quency in interval from 4.8·10
13

 Hz to 1.4·10
14

 Hz. 

The characteristic decay time for “near resonance” 

pulse is of the order 10
–10

 s in the former case, and 10
–

12
 s in the latter.  

This suggests that THz or far-infrared spectroscopy 

could be used to measure the exchange energy pa-

rameter. Our results show the resonance will be at fre-

quencies which correspond to the upper limit of spin 

wave energy band (Ω = 3ω0/2) and the saddle points 

of energy surface (Ω = 4ω0/3). 

The exchange value also determines the applicabil-

ity of the spin waves approach for the description of 

magnetisation. If the coefficient is of the order 1 meV, 

the spin waves will be suppressed by thermal fluctua-

tions at temperatures greater than 10 K. Larger values 

of the exchange energy extend the domain of spin 

wave existence to 380 K with interaction screening 

and to 1100 K without it. These temperatures are 

much larger than the thermal limit of graphone stabil-

ity estimated in literature [13]. 
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